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Abstract
Nonlinear regimes of one-dimensional parametric instabilities of long-wave
plasma waves are considered for the cases when the average plasma field
energy density is less (Zakharov’s model) or greater (Silin’s model) than
the plasma thermal energy density. The hybrid models presented in this
paper treat the electrons as a fluid by way of an equation for the high-
frequency wave and treat the ions kinetically with a super-particle simula-
tion. This makes possible consideration of non-resonant particles trapped
by high-frequency oscillations and the influence of trajectory crossing on the
development of the parametric instability. The evolution of ion energy dis-
tribution is studied. It is shown that after saturation of the instability, the
ion kinetic energy density normalized to the initial field energy density is of
the order of the ratio of linear growth rate to the plasma frequency, for the
case when the initial field energy far exceeds the plasma thermal energy. In
this case, the ion energy distribution is different from the Maxwellian.In the
opposite case of hot plasma, the ions acquire a part of initial field energy,
which is approximately equal to the half of ratio of initial Langmuir field
energy to the plasma thermal energy. At this, the ion kinetic energy distri-
bution is close to the Maxwellian, and it is reasonably to speak about ion
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temperature. The crossing of ion trajectories in the surrounding of density
cavities is a reason of instability quenching in both cases.
Keywords: Parametric instability of plasma waves, Plasma, Zakharov’s
model, Silin’s model, Ion heating
1. Introduction
The interest in parametric instability of intensive Langmuir waves, which
can be easily excited in the plasma by various sources [1], [2], [3], [4], [5],
[6], [7], [8], [9] was stipulated, in particular, by the new possibilities in heat-
ing of electrons and ions in plasma. The correct methods for description
of parametric instability of long-wave plasma waves were developed in the
pioneering works of V.P. Silin [10] and V.E. Zakharov [11], [12], [13]. The the-
oretical concepts of [10] were confirmed by the early numerical experiments
on the one-dimensional modelling of parametric decay of plasma oscillations
[14] (see also [15], and review [16]). However, the greatest interest has been
expressed by experimenters in the mechanism of dissipation of wave energy
discovered by V.E. Zakharov. The analytical studies, laboratory-based ex-
periments and numerical simulations, performed at an early stage of studying
these phenomena [17], [18], [19], have confirmed the fact that in some cases
a significant part of the pump field energy turns during the instability devel-
opment into the energy of short-wave Langmuir oscillations attended with
bursts of fast particles [20], [21], [22], [23], [24], [25], [26].
In this paper, we compare the models of Silin and Zakharov by the exam-
ple of one-dimensional description. The choice of one-dimensional approach,
as was noted by J. Dawson [27], ¡¡. . . often keeps the main features of the
processes, but simplifies their description and leads to a fuller understanding
of what the important phenomena are¿¿. Of particular interest is the pro-
cess of ion heating, so we use in this work the super-particle (or finite-sized
particle) description for ions because the account of inertial effects can be
significant just at the nonlinear stage of the process [28].
It was observed in [28], [29] that simulation with using of the so-called
hybrid model (incorporating one of the Zakharov equations for the high-
frequency waves and using a particle simulation of the ions) demonstrates
that fluctuations of ion density are rather significant and accelerate the de-
velopment of parametric instability. The non-resonant interaction between
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super-particles-ions and high-frequency plasma oscillations, along with the
trapping of ions into the potential wells, formed by these oscillations, leads to
instability of the density cavities resulting from the modulation instability.
In paper [29] the hybrid model was compared with Zakharov’s hydrody-
namic model. Due to higher level of ion density fluctuation, the number of
cavities in the hybrid model appears to be significantly greater than in the
Zaharov model and their depth is less. Integral characteristics of both mod-
els are essentially identical. Note that both the hydrodynamic description
within framework of the Zaharov model [29] and description based on the
kinetic equations [30], in which non-resonant interactions such as “particle
– finite amplitude wave” and the trapping of particles by the wave are ig-
nored. As a sequence, the resulting cavities remain stable until the moment
when the high frequency plasma field is “burned out” due to the Landau
damping – the process that can be better described with using the method
of finite-sized particles, as was reasonably pointed out in [29].
In the simulation of one-dimensional ion dynamics below, we have used
2 · 104 super-particles, which is equivalent to the number of ions about
(2 · 104)3 ∼ 1013 for three-dimensional case that is in agreement with the
conditions of most experiments. Thus, the interaction between modeling
super-particles and plasma oscillations in this simulation is quite good cor-
responds to the interaction for interaction between real particles and plasma
waves of course with regard to the inherent limitations of one-dimensional
description. Nevertheless, there is reason to believe that the transfer of field
energy to ions within framework of the hybrid model corresponds to the real
conditions of ion heating by intense Langmuir oscillations in plasma.
2. The hybrid models of parametric instability
2.1. The hybryd model based on the Silin equations, |E0|2/4pi  n0Te
When the intensity of external electric field is much greater than the
specific thermal energy of plasma electrons W = |E0|2/4pi  n0Te, it is
reasonable to explore the approach presented by V.P. Silin [16].
Let consider a one-dimensional plasma system, where an intense plasma
wave with the wavelength λ0 and frequency ω0 is excited by an external
source. This intense wave will be referred to as the pumping wave. Since
the parametric instability results in the growth of oscillations with rather
small wavelength λ << λ0, the pumping wave can be considered as spatially
uniform within the region of interaction:
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E0 = −i(|E0| exp{iω0t+ iφ} − |E0| exp{−iω0t− iφ})/2, (1)
where |E0|and φ are the slowly varying wave amplitude and phase corre-
spondingly, ω0 is external wave frequency, n0 and Te are the density and
temperature of plasma electrons. Charged particles of plasma oscillate un-
der the action of the electric field and their velocities can be written as
u0α = − (eα |E0| /mαω0) cosφ = −ω0b0 cosφ, where b0 = eα |E0| /mαω20 is the
particle oscillation amplitude.
The equations, governing the nonlinear dynamics of the parametric insta-
bility of intensive plasma wave were derived in [31]. The equations for high-
frequency plasma field spectrum modes E =
∑
nEn(t) · exp(ink0x) (plasma
electrons are considered as fluid and described by hydrodynamic equations)
take a form
∂En
∂t
− iω
2
pe − ω20
2ω0
En − 4piωpeνi,n
k0n
J1(an) exp(iφ)−
− i ω0
2en0
∑
m
νi,n−m[E∗−mJ2(an−m)e
2iφ + EmJ0(an−m)] = 0. (2)
Here ωpe =
√
4pie2n0/me is the background electron plasma frequency, e and
me are the mass and the magnitude of the charge of an electron, M is the mass
of an ion, En = |En| · exp(iψn)is a slowly varying complex amplitude of the
electric field of electron plasma oscillations, which wavenumber is kn = nk0,
k0 = 2pi/L, where L is a characteristic dimension of the plasma system, νi =∑
n νi,n(t) · exp(ink0x) is the ion charge density, an = a · n, n,m are integers
which are not equal to zero and ±1, e.g. an = nk0b = n (ek0E0/meω20).
The motion equations for ion super-particles can be written as follows
d2xs
dt2
=
e
M
∑
n
E¯n exp{ik0nxs}, (3)
and the ion density can be determined from
ni,n = νi,n/e =
n0k0
2pi
∫ pi/k0
−pi/k0
exp[−ink0xs(x0, t)]dxs0. (4)
The slowly varying electric field strength E¯n, acting on the ions, is equal
4
E¯n = −4pii
k0n
νi,n[1− J20 (an) +
2
3
J22 (an)]+
+
1
2
J1(an)[Ene
−iφ − E∗−neiφ]−−
ink0
16pien0
J0(an)
∑
m
En−mE∗−m−
− ik0J2(an)
16pien0
∑
m
(n−m)[En−mEme−2iφ + E∗m−nE∗−me2iφ], (5)
The equation for uniform component of the electric field E0 = |E0| exp(iφ)
can be written as
∂E0
∂t
= − ω0
2en0
∑
m
νi,−m[E∗−mJ2(am)e
2iφ + EmJ0(am)]. (6)
Note, that the values with subscripts of different signs are independent.
In Eqs.(2)-(6), we have used the formula [32]
exp{ia sin Φ} =
∞∑
m=−∞
Jm(a) exp{imΦ}, (7)
where Jm(x) is the Bessel function.
The normalized frequency shift ∆ = (ω2pe−ω20)/2δωpe reaches the value of
(me/2M)
1/3J
2/3
1 (an) for a mode with the maximal growth rate of parametric
instability δ [16]
δ/ωpe =
i
3
√
2
(me
M
)1/3
J
2/3
1 (an). (8)
2.2. The hybryd model based on the Zakharov equations, |E0|2/4pi  n0Te
As shown in [31], Eqs. (2)-(6) are coincident with equations, obtained in
[33] after following substitutions: (ω2pe−ω20)/2ω0 → (ω2pe−ω20 +k20n2v2Te)/2ω0
and E0 → −iE0, E∗0 → iE∗0 under condition an  1, that means that
J1(an) ≈ an/2, J0(an) ≈ 1, J2(an) ≈ a2n/8
∂En
∂t
− iω
2
pe − ω20 + k20n2v2Te
2ω0
En − i ω0
2n0
(
ni,nE0 +
∑
m 6=0
ni,n−mEm
)
= 0. (9)
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The slowly varying electric field amplitude in this case takes the form
E¯n = − ik0ne
4mω2p
(
EnE
∗
0 + E0E
∗
−n +
∑
m 6=0,n
En−mE∗−m
)
, (10)
that enables description of ions using the super-particle method with use of
Eqs.(3)-(4). The pump wave amplitude E0 is governed by equation
∂E0
∂t
− i ω0
2n0
∑
m
ni,−mEm = 0. (11)
In this case, the growth rate of the parametric instability normalized to
the plasma frequency is [33]
δ/ωpe =
( |E0|2
8pin0Te
me
M
)1/2
=
(
W
2n0Te
me
M
)1/2
. (12)
3. The simulation parameters
The purpose of this paper is to clarify the characteristics of the dynamics
of modulation instability both for the cases of non-isothermal hot and cold
plasma within framework of the hybrid models. Each model is considered
for the two cases of light and heavy ions. The parameters of simulation are
presented in Table 1.
Below, we have used the following initial conditions and parameters unless
otherwise specified in the text. The number of super-particles, simulating the
dynamics of ions is 0 < s ≤ S = 20000. The super-particles are distributed
uniformly over the interval −1/2 < ξ < 1/2, ξ = k0x/2pi, initial velocities
Table 1: Simulation parameters for the hybrid models
Model Light ions
M/me = 2 · 103
Heavy ions
me/M = 8 · 10−6
Silin (me/M)(ω
2
p/δ
2) = 0.43
δ/ω0 = 0.44 · (me/M)1/3 = 0.034
ω0/δ ≈ ωpe/δ = 29.4
(me/M)(ω
2
p/δ
2) = 0.1
δ/ω0 = 0.44 · (me/M)1/3 = 0.0088
ω0/δ ≈ ωpe/δ = 113.6
Zakharov (me/M)(ω
2
p/δ
2) = 2n0Te/W = 2·10
ω0/δ = 2
(
n0Te
W
)1/2
( Mme )
1/2 = 282.6
δ/ω0 = δ/ωpe = 3.5 · 10−3
(me/M)(ω
2
p/δ
2) = 2n0Te/W = 2·10
ω0/δ = 2(
n0Te
W )
1/2( Mme )
1/2 = 2234.4
δ/ω0 = δ/ωpe = 4.5 · 10−4
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of the super-particles are defined as dξs/dτ |τ=0 = vs|τ=0 = 0, the number
of spectrum modes is −N < n < N , N = S/100. The initial normalized
amplitude of the pumping wave is a0(0) = ek0E0(0)/meω
2
pe = 0.06,. The
initial amplitudes of high-frequency plasma oscillations are defined by ex-
pression en|τ=0 = en0 = (2 + gn) · 10−3 for the Silin model and by expression
en|τ=0 = en0 = (0.5 + gn) · 10−4 for the Zakharov model, where gn ∈ [0; 1] is
a random value, ek0En/meω
2
pe = en exp(iψn). The initial phases of spectral
modes ψn|τ=0 are also randomly distributed in the interval 0 ÷ 2pi. For ion
density fluctuations nni and slowly varying electric field E¯n we have used the
following dimensionless representations:
Mn = Mnr + iMni = nniωpe/n0δ = (ωpe/δ)
∫ pi/k0
−pi/k0
exp(2pinξs)dξs0
and
ek0E¯n/meω
2
pe = Enr + iEni.
The program, which implements a mathematical model of the problem
under consideration, was developed with the use of JCUDA technology.
JCUDA technology provides interface between CUDA (Compute Unified De-
vice Architecture) and Java application. CUDA is a parallel computing plat-
form and programming model created by NVIDIA. CUDA enables scientists
to utilize the extreme computational power available on modern GPUs.
4. Simulation results
With development of the parametric instability, the ions trapped in the
potential wells of cavities acquire the kinetic energy. At the nonlinear stage
of the instability, the ion trajectories cross each other, the ion density per-
turbations are smoothed out and their characteristic scale increases. The
relation between ion density perturbations and RF field becomes weaker and
the instability saturates. The amplitude of the pump wave flattens out at
rather low level after several oscillations (see Fig.1).
The main part of initial energy transfers from the pump wave to the
short-wave Langmuir spectrum band. The minor part of the initial energy
converts to the kinetic energy of ions (see Fig.2).
The total kinetic energy of the ions located on the wave-length of the
pump wave can be expressed through the sum of squared dimensionless ve-
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Figure 1: Evolution of the pump wave amplitude a0.
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Figure 2: Evolution of the quadratic sum
∑
s(dξs/dt)
2, which is pro-
portional to the ion kinetic energy.
8
locities Is =
∑
s(dξs/dτ)
2 and the total number of super-particles S:
2pi
k0
[
1
2
n0M
〈
(dxs/dt)
2〉] = I 4pi2δ2Mn0
2k20S
2pi
k0
, (13)
where 〈(dxs/dt)2〉 is the ensemble average. The ratio of ion kinetic energy to
the initial energy of intense long-wavelength Langmuir wave can be written
as follows:
Ekin
W0
=
2pi
k0
[
1
2
n0M
〈
(dxs/dt)
2〉]/[ |E0|2
4pi
2pi
k0
]
= 2pi2
I
a20S
M
m
δ2
ω2pe
(14)
where Ekin is the density of the ion kinetic energy, W0 = |E0|2/4pi is the
initial energy density of long-wavelength Langmuir waves [34].
The ratio of characteristic time scales for these two models is of the order
of (me/M)
1/6(W/n0Te)
1/2. Considering this, it was found that the kinetic
energy of ions to be of the same order in both models. The ratio of ion
kinetic energy to the initial energy of long-wave oscillations occurs equal
to Ekin/W0 ∼ δ/ωpe for Silin’s model and Ekin/W0 ' 0.5 · W0/n0Te for
Zakharov’s model. This means that in the Silin model, the ions acquire a
portion of field energy of the order of δ/ωpe. This effect was predicted in [20]
and confirmed in [28]. A portion of transferred energy in Zakharov’s model
is of the order of W0/n0Te.
5. Analysis of ion velocity distribution
Let consider approximation of the ion velocity distribution function ob-
tained from numerical experiments by the normal distribution function. Gen-
erally speaking, There three ways to fit a normal (Gaussian) distribution
(Gaussian distribution) to the simulated ion velocity distribution.
A normal distribution density function is defined as
f(x) =
1
σ
√
2pi
e−
(x−µ)2
2σ2 , (15)
where µ =
∑
vs/S is the mean or expectation, σ
2 is the variance, σ is stan-
dard variation, x is the ion velocity, which varies from minimum to maximum
value in steps of 1/200.
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Figure 3: Evolution of vFWHM (full width at half maximum) of the ion
velocity distribution function f(vs).
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Figure 4: Distribution function of ion super-particles over v2s =
(dξs/dτ)
2.
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(a) Ion velocity distribution, obtained
from numerical experiment
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Figure 5: A sample of ion velocity distribution histogram and corre-
sponding normal statistical distribution that best fits to it.
In order to plot the histogram we calculate the number of ions in a point
x by the formula
Sx =
f(xi)∑200
i=1 f(xi)
· S
and plot it as ordinate.
The first method of distribution fitting by Gaussian distribution function
implies calculation of the standard deviation of the particle velocities vs:
σ =
√
1
S
∑
(vs − µ)2. (16)
The second method of normal distribution fitting is based on choosing of
standard deviation σ as 0.9vFWHM ( vFWHM is the full width at half maximum,
see Fig.3).
The third method is similar to the second one, but σ = kvFWHM, where
coefficient k is chosen in such a way that the difference between simulated
and normal distribution will be minimal. The difference between these two
distributions is defined as (N
(out)
1 +N
(out)
2 )/N ∗ 100% (see Fig.6).
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Figure 6: Illustration to the explanation of methods of distribution fit-
ting
5.1. Ion velocity distribution for the Silin hybrid model
The simulation of ion kinetics within framework of the Silin model for
the case of light ions gives the results shown in the Fig.7a.
It is also interesting to find out the effect of different distributions of
initial RF wave amplitudes and phases on the parameters of final ion velocity
distribution. Table 2 shows that initial conditions do not lead to a qualitative
change in the ion velocity distribution.
5.2. Ion velocity distribution for the Zakharov hybrid model
The simulation of ion kinetics within framework of the Zakharov model
gives the following distribution, at the moment when the growth of ion energy
is stopped, shown in the Fig.7b.
As clear from the Table 3 the initial conditions of initial RF wave am-
plitudes and phases do not lead to qualitative change in the ion velocity
distribution.
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Figure 7: Normal distribution fitting by three methods: red curve – the
first method, blue curve – the second method, green curve –
the third method
For the Maxwellian velocity distribution the half-width (see Fig.5) of
the distribution will be related with thermal velocity by the relation v¯ =
1.18vT . As follows from calculations the root-mean-square velocity measured
in relation units after the saturation of ions energy is equal
√
< v2s > =√
Is/S. If this value is of the order of 0.85v¯, e.g.
√
Is/S ≈ 0.85v¯, than it is
reasonably to consider the distribution as Maxwellian and one can say about
the ion temperature. When
√
Is/S > 0.85v¯, the distribution has a ”tail”
of fast particles. It follows from simulation results that in the hot plasma
(the Zakharov model) the ion velocity distribution is close to Maxwellian
and one can say about the ion temperature Ti ∼ W 20 /n20Te. In the case of
cold plasma the ion velocity distribution contains noticeable fraction of fast
particles, that was observed in experiments [35].
We can fit parameters of the normal distribution in such a way that
the number of particles outside this distribution will be minimal. We can
also define the ratio of total kinetic energy of particles outside the normal
distribution to the total kinetic energi of modeling particles (see Table 4).
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Table 2: Results of normal distribution fitting for the Silin model
Light ions Heavy ions
method
1
method
2
method
3
method
1
method
2
method
3
The difference between the nor-
mal curve and calculated distri-
bution
18.4% 12.9% 12.7% 17.4% 15.1% 14.2%
Coefficient k
(from σ = kmax(v¯))
- 0.9 0.84 - 0.9 1.07
Total kinetic energy of particles
outside of the normal distribu-
tion E
(out)
kin
0.0287 0.0421 0.0463 0.0017 0.0032 0.0025
Total kinetic energy of particles
that are absent inside the normal
distribution E
(in)
kin
0.0273 0.0073 0.0057 0.0016 0.0003 0.0005
E
(out)
kin − E(in)kin 0.0014 0.0348 0.0406 0.0001 0.0029 0.002
Total kinetic energy of particles
E
(total)
kin
0.08 0.005
(E
(out)
kin − E(in)kin )/E(total)kin 0.02 0.44 0.51 0.02 0.58 0.4
E
(in)
kin /E
(total)
kin 0.36 0.53 0.58 0.34 0.64 0.5
For hot plasma (Zakharov’s model) this ratio is of the order of 10-14%
and for cold plasma this ratio can be estimated as 50-60%. Thus, the ion
kinetic energy distribution is close to maxwellian in the case of hot plasma
and in the case of cold plasma the fast ions are approximately of a half of
total kinetic energy of ions.
Note in conclusion that perturbations of ion density with scales less
than the ion Debye radius rDi = vT i/ωpi don’t contribute to formation
of low-frequency electric fields due to the screening effect. In terms of
RDi = rDik0/2pi the ion Debye radius can be evaluated as
RDi ∼
〈
vik0
2piγL
〉(
δ
ωpe
)(
M
me
)1/2
= 〈vs〉
(
δ
ωpe
)(
M
me
)1/2
. (17)
On the stage of the developed instability this value occurs of the order of
RDi ≤ 10−3, and the number of modes in the spectrum of ion density doesn’t
exceed 1/RDi, which is consistent with our analysis.
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Table 3: Results of normal distribution fitting for the Zakharov model
Light ions Heavy ions
method
1
method
2
method
3
method
1
method
2
method
3
The difference between the nor-
mal curve and calculated distri-
bution
16.2% 20.2% 15.9% 17.5% 37.6% 16.9%
Coefficient k
(from σ = kmax(v¯))
- 0.9 1.22 - 0.9 2.67
Total kinetic energy of particles
outside of the normal distribu-
tion E
(out)
kin
0.866 2.27 0.655 0.178 0.745 0.084
Total kinetic energy of particles
that are absent inside the normal
distribution E
(in)
kin
0.741 0. 386 0.966 0.104 0.032 0.151
E
(out)
kin − E(in)kin 0.125 1.884 0.311 0.074 0.713 0.067
Total kinetic energy of particles
E
(total)
kin
4.584 0.831
(E
(out)
kin − E(in)kin )/E(total)kin 0.03 0.41 0.07 0.09 0.86 0.08
E
(in)
kin /E
(total)
kin 0.19 0.5 0.14 0.21 0.9 0.1
6. Discussion
The mechanisms of modulation instability of long-wave Langmuir oscil-
lations both in hot and in cold plasma have much in common. The spectra
of growing perturbations have the same symmetry [10], [31], the mechanisms
of their growth are similar too. The energy transfer through the spectrum
in the Zakharov and Silin models is caused not only by the rearrangement
of the field due to interaction between spectrum modes, but it is largely a
result of the linear instability. Maximum growth rate in the Zakharov model
increases with decreasing of perturbation scale. In the Silin model, the max-
imum growth rate shifts to the short-wavelength area with decreasing of the
pump wave amplitude [10] that is confirmed by results of the nonlinear the-
ory. It is important that the maximum growth rate remains unchanged with
decreasing of the pump wave amplitude in the case of cold plasma and de-
creases in whole instability domain in the case of hot plasma. The Langmuir
oscillations of large amplitude, excited by high-current beam of charged par-
ticles, have a wavelength that exceeds a maximum wavelength of the excited
15
Table 4: Calculation of ion kinetic energy
Characteristics Hot plasma Cold plasma
Light ions Heavy ions Ligt ions Heavy ions
I =
∑
s (dξs/dτ)
2
4.58 0.831 0.0803 0.00512
The sum of squared velocities
dξs/dτ of particles outside of the
normal distribution
0.655 0.084 0.0463 0.00251
The sum of squared velocities
dξs/dτ of particles that are ab-
sent inside the normal distribu-
tion
0.966 0.151 0.00567 5, 410−4
The difference between the nor-
mal curve and calculated distri-
bution
15,9% 16,9% 12,7% 14,2%
The number of particles outside
the normal distribution
3178 3386 2549 2846
The ratio of total kinetic en-
ergy of ions to initial field energy
Ekin/W0
3, 110−2 0, 5710−2 510−2 1, 3410−2
spectrum by no more than two orders. Therefore, there is no practical sense
to consider smaller-scale perturbations.
The most important consequence of the development of parametric in-
stabilities of intense Langmuir waves in plasma is the energy transfer from
the electric field to plasma ions (ion heating). It is reasonably to consider
this problem within the framework of hybrid models, where the electrons
are described as fluid and ions - kinetically, i.e. as super particles. Analysis
of such hybrid models shows that in the case of hot plasma the ions get a
portion of field energy that is proportional to the ratio of the field energy to
the plasma thermal energy. In the case of cold plasma the ions get a portion
of field energy that is proportional to ratio of the instability growth rate to
the plasma frequency or that the same to the cubic root of ratio of electron
mass to ion mass. The energy transferred to ions in the case of heavy ions is
significantly less than in the case of light ions.
It is also shown that the kinetic energy distribution of ions in the Zaharov
hybrid model is close to Maxwellian and we can talk about the temperature
of the ions. The kinetic energy distribution of ions in the Silin hybrid model
16
differs substantially from Maxwellian and is characterized by a large fraction
of fast particles.
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References
References
[1] V. Silin, A. Ruhadze, The electromagnetic properties of plasma and
plasma-like media, Atomizdat, Moscow, 1961.
[2] N. Basov, O. Krohin, Plasma heating condition by optical generator
radiation, Zh. Exp. Teor. Fiz. 46 (1) (1964) 171–175.
[3] J. M. Dawson, On the production of plasma by giant pulse lasers, Physics
of Fluids 7 (7) (1964) 981. doi:10.1063/1.1711346.
[4] P. Pashinin, A. Prokhorov, High-temperature high-density plasma from
a special gas target heated by a laser, JETP 33 (5) (1971) 883–886.
[5] V. A. Buts, A. N. Lebedev, V. I. Kurilko, The theory of coherent ra-
diation by intense electron beams, Particle acceleration and detection,
Springer, Berlin, 2006.
[6] Y. Fainberg, Plasma electronics and plasma acceleration of charged par-
ticles, Plasma Physics Reports 26 (4) (2000) 335–343. doi:10.1134/1.
952858.
[7] M. Kuzelev, A. Ruhadze, Electrodynamics of dense electron beams in a
plasma, Nauka, Moscow, 1990.
[8] V. Shapiro, V. Shevchenko, Wave-particle interaction in nonequilibrium
media, Radiophysics and Quantum Electronics 19 (5) (1976) 543–560.
doi:10.1007/BF01034470.
[9] A. Kondratenko, V. Kuklin, Fundamentals of plasma electronics, Ener-
goatomizdat, Moscow, 1988.
[10] V. Silin, Parametric resonance in a plasma, Soviet Physics-JETP 21
(1965) 1127.
17
[11] V. Zakharov, Weak-turbulence spectrum in a plasma without a magnetic
field, Sov. Phys. JETP 24 (1967) 455.
[12] V. Zakharov, The instability of waves in nonlinear dispersive media, Sov.
Phys. JETP 24 (4) (1967) 740–744.
[13] V. Zakharov, Collapse of langmuir waves, Sov. Phys. JETP 35 (5) (1972)
908–914.
[14] W. Kruer, P. Kaw, J. Dawson, C. Oberman, Anomalous high-frequency
resistivity and heating of a plasma, Phys. Rev. Lett. 24 (18) (1970)
987–990. doi:10.1103/PhysRevLett.24.987.
[15] Y. Aliev, V. Silin, Plasma oscillations in a high-frequency electric field,
Sov. Phys. JETP 21 (3) (1965) 601–607.
[16] V. Silin, Anomalous nonlinear dissipation of high-frequency radio waves
in plasma, Sov. Phys. Uspekhi 15 (6) (1973) 742.
[17] W. Kruer, et al., The physics of laser plasma interactions, Vol. 70,
Addison-Wesley New York, 1988.
[18] A. Ivanov, M. Nikulin, Nonlinear interaction of high-amplitude langmuir
waves in a collisionless plasma, Sov. Phys. JETP 38 (1) (1974) 83.
[19] H. Kim, R. Stenzel, A. Wong, Development of cavitons and trapping of
rf field, Phys. Rev. Lett 33 (15) (1974) 886–889.
[20] N. Andreev, V. Silin, G. Stenchikov, On saturation of plasma paramet-
rical instability in strong electric field, Sov. Plasma Phys. 3 (5) (1977)
1088–1096.
[21] L. Kovrizhnykh, The modulation instability and nonlinear waves in cold
plasma, Sov. Plasma Phys. 3 (5) (1977) 1097–1105.
[22] S. Antipov, M. Nezlin, E. Snezhkin, A. Trubnikov, Quasi-soliton lang-
muir oscillations localized in density’wells’ of a magnetized plasma, Sov.
JETP Letters 23 (1976) 562–566.
[23] R. Sagdeev, V. Shapiro, V. Schevchenko, Strong wave dissipation in
inhomogeneous plasma and ultrastrong plasma turbulence, Sov. Plasma
Phys. 6 (3) (1980) 377–386.
18
[24] A. Wong, P. Cheung, Three-dimensional self-collapse of langmuir waves,
Physical Rev. Lett. 52 (1984) 1222–1225.
[25] P. Cheung, A. Wong, Nonlinear evolution of electron-beam–plasma in-
teractions, Phys. of Fluids (1958-1988) 28 (5) (1985) 1538–1548.
[26] V. Zakharov, A. Pushkarev, A. Rubenchik, R. Sagdeev, V. Shvets, The
kinetics of three-dimensional langmuir collapse, Sov. Phys. JETP 96
(1989) 591–603.
[27] J. Dawson, Investigations of Plasma Instabilities in One-Dimensional
Plasmas, Princeton University Plasma Physics Laboratory, Princeton,
N.J., 1962.
[28] V. Chernousenko, V. Kuklin, I. Panchenko, The structure in nonequilib-
rium media, in: The integrability and kinetic equations for solitons, AN
USSR, Inst. for Theor. Phys., Naukova Dumka, Kiev, Ukraine, 1990, p.
472.
[29] K. L. Clark, G. L. Payne, D. R. Nicholson, A hybrid zakharov particle
simulation of ionospheric heating, Physics of Fluids B: Plasma Physics
4 (3) (1992) 708. doi:10.1063/1.860269.
[30] P. Henri, F. Califano, C. Briand, A. Mangeney, Low-energy langmuir
cavitons: Asymptotic limit of weak turbulence, EPL (Europhys. Lett.)
96 (5) (2011) 55004.
[31] V. Kuklin, Similarity of 1d parametric instability description of langmuir
waves, The Journ. of Kharkiv Nat. Univer., Phys. Ser.: Nuclei, Particles,
Fields. 1041 (2(58)) (2013) 20–32.
[32] H. Dwight, Tables of integrals and other mathematical data (1961).
[33] E. Kuznetsov, Averaged description of langmuir waves in a plasma, Sov.
Plasma Phys. 2 (1976) 327–333.
[34] E. Belkin, A. Kirichok, V. Kuklin, A. Pryjmak, A. Zagorodny, Dynamics
of ions during development of parametric instability of langmuir waves,
Problems of Atomic Science and technology, Ser.: Plasma Electronics
and Innovative methods of Particle Acceleration (4(86)) (2013) 260–266.
19
[35] G. Batanov, V. Ivanov, I. Kossyi, K. Sergeichev, Large-amplitude lang-
muir waves and particle acceleration in the plasma corona of a microwave
discharge, Sov. Plasma Phys. 12 (1986) 552–565.
20
